Abstract. In this paper we characterize those linear operators on general matrices that preserve singular values and displacement rank. We also characterize those linear operators on Hermitian matrices that preserve eigenvalues and displacement inertia.
We are interested in the spectral properties of matrices that are Toeplitz or nearly Toeplitz. As a consequence, we are interested in linear operators that preserve these properties. We know of only one previous result in this direction. It is the following theorem due to Chu 1992] . Let E m denote the m m exchange matrix de ned by His techniques can be used to characterize nonzero linear operators on Hermitian matrices which preservse both eigenvalues and Toeplitz structure. We shall report results along this line in a future paper.
In this report, we study the nonzero linear operators which preserve spectra and displacement structure. We begin by recalling the relevant de nitions. Let For A 2 C m n , the displacement rank of A is de ned as dis-rank (A) := rank (r:A):
In the case m = n, r preserves Hermitian matrices. For A 2 Herm(m), the displacement inertia of A is de ned as dis-inertia (A) := inertia (r:A):
Kailath appears to be one of the rst to emphasize the importance of the displacement structure of matrices. We recall a few of the major results in this area in order to illustrate the signi cance of these concepts. Note that Toeplitz matrices usually have displacement rank 2. Hence matrices with low displacement rank are regarded as being \nearly Toeplitz". The following result shows that displacement rank is preserved (loosely speaking) under inversion. The following inequality, due to Comon 1992] , shows that if A has small displacement rank then so does its pseudo-inverse A + : dis-rank(A + ) 2 dis-rank(EAE):
Note that Hermitian Toeplitz matrices usually have displacement inertia (1; 1; m ?
2). Hence Hermitian matrices with low displacement inertia are regarded as being \nearly Toeplitz". Similar to displacement rank, displacement inertia is preserved (loosely speaking) under inversion. We learned about this theorem from Tiberiu Constantinescu (Institute of Mathematics of the Romanian Academy of Sciences). Theorem 1.3. For A 2 Gl(m)\Herm(m), dis-inertia(A ?1 ) = dis-inertia(EAE).
Other versions of displacement structure can be de ned and theorems analogous to the last two can often be proved too. See Chun and Kailath 1991], Heinig and Rost 1984] .
The rest of this paper is organized as follows. In section 2, we shall characterize those linear operators on general matrices that preserve both rank and displacement rank. As a consequence, we obtain the characterization of those linear operators preserving singular values and displacement rank. The aim of section 3 is to characterize those linear operators on Hermitian matrices that preserve inertia and displacement inertia. We also obtain the characterization of those linear operators preserving eigenvalues and displacement inertia. Then we have some concluding remarks in the nal section.
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2. Preserving rank and displacement rank. In this section, we shall characterize those nonzero linear operators on C m n that preserve both rank and displacement rank. We shall also characterize those that preserve singular values and (**) There exist M 2 Gl(m); N 2 Gl(n) such that either, for all X 2 C m n ; T:X = MXN or m=n and, for all X 2 C m n , T:X = MX T N.
As consequences of this result, we obtain the characterization of linear operators preserving rank, and those preserving singular values. (*) For all X 2 C m n ; rank(T:X) = rank(X): (**) There exist M 2 Gl(m); N 2 Gl(n) such that either, for all X 2 C m n ; T:X = MXN or m=n and, for all X 2 C m n ; T:X = MX T N.
Proof. ( ) ) ( ). Direct veri cation. ( ) ) ( ). If T preserves rank then it also preserves equivalence. Hence T has the required forms by Theorem 2.1. (*) For all X 2 C m n ; sing(T:X) = sing(X): (**) There exist U 2 U(m); V 2 U(n) such that either, for all X 2 C m n ; T:X = UXV or m=n and, for all X 2 C m n ; T:X = UX T V . Before we prove this theorem, we need some preliminary lemmas. The rst one is a characterization of matrices that nearly commute with the shift matrix. 
Next we collect some basic results about the Kronecker product. Proof. Since X 2 Gl(n), fX; Z n Xg is a linearly independent set. Similarly fY; Z m Y g is a linearly independent set. Apply Corollary 2.7 to obtain the required result.
The following result appears in Horn and E ij E ji where E ij is the n n matrix with 0 everywhere except 1 at the (i,j) position.
Proof. For X = (x ij ) 2 C n n , note that E ji XE ji = x ij E ji . Now we have trans:X = X T = X i;j
We adopt the convention that E ij = 0 if i > n; j > n; i < 1; or j < 1. Then it is easy to verify that ZE ij = E (i+1)j , and E ij Z = E i(j?1) . With this observation, we are ready to prove the next lemma. Lemma 2.10. If P; Q; R; S 2 C n n are such that (I n I n ? Z n Z n ) (Q P) = (S R) trans (I n I n ? Z n Z n ) then at least one of fP; R; Sg is singular.
Proof. Assume that P; R; S 2 Gl(n). By Lemma 2.9, trans = P n i;j=1 E ij E ji .
Hence (I n I n ? Z n Z n )(Q P) = (S R)( n X i;j=1 E ij E ji )(I n I n ? Z n Z n ): This is a contraction. Proof. Note that we can rewrite the given equation as follows:
Q P ? Z n Q Z m P = S R ? SZ n RZ m :
By Lemma 2.6, S; SZ n 2 SpanfQ; Z n Qg; i.e. there exist ; ; ; 2 C such that S = Q + Z n Q and SZ n = Q + Z n Q:
Note that S = ( I + Z n )Q has rank n; hence 6 = 0. Also note that SZ n = ( I + Z n )Q has rank n ? 1; hence = 0. Furthermore 0 6 = SZ n = Z n Q and hence 6 = 0. In summary, we have S = Q + Z n Q and SZ n = Z n Q: Using an argument like Case 1, we conclude that T preserves displacement rank.
( ) ) ( ). We assume that T is a nonzero linear operator that preserves rank and displacement rank. Next we give the characterization of those linear operators on C n n preserving both singular values and displacement rank. Then WX = X T W for all X 2 C m n . In particular, W commutes with every diagonal matix. Hence W is a scalar, and so X = X T for all X 2 C m n , a contradiction. (**) There exists S 2 Gl(n) such that either, for all X 2 Herm(n); T:X = SXS or, for all X 2 Herm(n); T:X = SX T S .
As consequences of this result, we obtain the characterization of linear operators preserving inertia and those preserving eigenvalues. (*) For all X 2 Herm(n); eigen(T:X) = eigen(X): (**) There exists U 2 U(n) such that either, for all X 2 Herm(n); T:X = UXU or, for all X 2 Herm(n); T:X = UX T U .
Proof. ( ) ) ( ). Direct veri cation. ( ) ) ( ): If T preserves eigenvalues then it also preserves inertia. Hence, by Theorem 3.2, there exists S 2 Gl(n) such that either T:X = SXS or T:X = SX T S . Since T preserves eigenvalues, eigen(I) = eigen(T:I) = eigen(SS ). Therefore SS = I and so S 2 U(n). Now we characterize those linear operators on Herm(n) preserving both inertia and displacement inertia. Then we obtain the required result as in Case 1.
Next we give the characterization of those linear operators on Herm(n) preserving both eigenvalues and displacement inertia. R. Loewy. We have not looked at all these papers.) Some of them characterize linear preservers of one particular rank class or one particular inertia class (rather than characterizing preservers of all rank or inertia classes as was done in Theorem 2.2 and 3.2). These results probably make it possible to characterize linear preservers of one particular rank-and-displacement-rank class and linear preservers of one particular inertia-and displacement-inertia class. Many of the results in these references treat rank preservers or inertia preservers over the eld of real numbers (rather than the eld of complex numbers that we used in this report). Some of the references even deal with more general elds of numbers. These preserver results over other elds probably make it possible to extend the results of this report to other elds of numbers.
We mentioned earlier that there are de nitions of displacement structure that are di erent than the ones we use in this report. (See Chu and Kailath 1991] and Heinig and Rost 1984] .) There are linear preserver questions analogous to the ones we studied here for the other de nitions. We expect that the techniques that we have used here can be used to easily settle such analogous questions.
In the introduction of this report we noted that we are interested in the spectral properties of matrices that are Toeplitz or nearly Toeplitz. In particular, we are interested in sets having the following forms We originally hoped that we could move around somewhat freely on the sets of the form eigen ?1 ( )\dis-inertia ?1 (p; n; z) by means of the linear preservers of such sets. This hope motivated our study of linear preservers. Unfortunately, our hope was too optimistic. Our results show that there are not enough such linear preservers.
